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PRGHO�IRU�FRQFUHWH�LQWR�D�QRQ�OLQHDU�QXPHULFDO�DQDO\VLV�RI�UHLQIRUFHG�FRQFUHWH�VODE�VXEMHFWHG
WR�WKH�LPSXOVLYH�ORDG�SURGXFHG�E\�D�FRQWDFW�H[SORVLRQ��0DLQ�WKHRUHWLFDO�DVVXPSWLRQV�DGRSWHG
LQ�WKLV�DQDO\VLV�KDYH�EHHQ�SUDFWLFDOO\�H[DPLQHG�DQG�GLVFXVVHG��LQ�RUGHU�WR�SURYLGH�DQ�HIILFLHQW
PDWHULDO�PRGHOOLQJ�IRU�FRQFUHWH�VWUXFWXUHV�DQDO\VHG�ZLWK�WKH�XVH�RI��FRPPHUFLDO�ILQLWH�HOHPHQW
FRGHV��7KH�DGHTXDWH�FRPSXWHU�VLPXODWLRQV�RI�H[SHULPHQWDO�WHVWV�SHUIRUPHG�E\�'��.UDXV�DW�DO�
>�@�KDYH�EHHQ�UHDOLVHG��FKHFNLQJ�WKH�YDOLGLW\�DQG�DSSOLFDELOLW\�RI�DVVXPHG�PDWHULDO�PRGHO�IRU
FRQFUHWH
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7KH� QXPHULFDO� VLPXODWLRQ� RI� VWUXFWXUDO� UHVSRQVH� IRU� WKH� EODVW� ORDG� SURGXFHG� E\� H[SORVLYH
FKDUJH�LV�FXUUHQWO\�D�SUREOHP�RI�JURZLQJ�LPSRUWDQFH� LQ�PDQ\�SUDFWLFDO�VLWXDWLRQV��QR� ORQJHU
OLPLWHG� WR�PLOLWDU\�DSSOLFDWLRQV��7KHUHIRUH�� WKH�SRVVLELOLW\�RI�FRQFUHWH� UHVSRQVH�PRGHOOLQJ� LQ
WKH�FDVH�RI�VKRUW�GXUDWLRQ��KLJK�DPSOLWXGH�ORDGV�LV�D�SUREOHP�RI�YLWDO�LPSRUWDQFH�LQ�WKH�GHVLJQ
RI�VWUXFWXUHV�VXEMHFWHG�WR�WKLV�NLQG�RI�ORDG�>����@�
,Q�WKH�SUHVHQW�ZRUN��WKH�KLJKO\�QRQ�OLQHDU�VKRFN�ZDYH�SKHQRPHQD�LQ�UHLQIRUFHG�FRQFUHWH�VODE
ORDGHG� E\� D� FRQWDFW� H[SORVLRQ� DUH� DQDO\VHG�� 7KLV� SUREOHP� KDV� EHHQ� VWXGLHG� E\� PDQ\
UHVHDUFKHUV�� WKH� PRVW� XS� WR� GDWH� UHYLHZ� RI� SXEOLFDWLRQV� RQH� FDQ� ILQG� LQ� 3URFHHGLQJV
RI� WKH� ,QWHUQDWLRQDO� &RQIHUHQFH� RQ� &RPSXWDWLRQDO� 0RGHOOLQJ� RI� &RQFUHWH� 6WUXFWXUHV
Ä(XUR�&��� ,Q� WKH� SXEOLVKHG� ZRUNV� FRQFHUQLQJ� SUREOHPV� PHQWLRQHG� DERYH�� YDULRXV� DVSHFWV
RI� DQDO\VLV� DUH� WDNHQ� LQWR� FRQVLGHUDWLRQV�� PDWHULDO� PRGHOOLQJ�� GLVFUHWL]DWLRQ� RI� VWUXFWXUH�
QXPHULFDO�PRGHOOLQJ�RI�EODVW� ORDG��GHVFULSWLRQ�RI�HYHQWXDO�FRQWDFW��DV�ZHOO�DV� WKH�QXPHULFDO
DOJRULWKPV�DSSOLHG�LQ�RUGHU�WR�VROYH�WKH�HQWLUH�SUREOHP�LQ�WLPH�DQG�VSDFH�GRPDLQ�
7KH�QXPHULFDO�DQDO\VLV�SUHVHQWHG�LQ�WKLV�SDSHU�LV�EDVHG�RQ�WKH�H[SHULPHQWDO�UHVXOWV�REWDLQHG
E\�'��.UDXV� DW� DO�� >�@��ZKHUH� WKH� H[SORVLYH�PDVVHV� RI� ���� DQG� ���� NJ� RI� 3(71� KDYH� EHHQ
GHWRQDWHG�RQ� WKH�VXUIDFH�RI� UHLQIRUFHG�VODEV����[���[����P��7KH� ILQDO� UHVXOWV� �L�H�� JHQHUDWHG
FUDWHUV��WKHLU�GLPHQVLRQV�DQG�VKDSH��DUH�DOVR�VWXGLHG��DV�ZHOO�DV�WKH�PDWHULDO�VWDWXV�LQ�WKH�VODE
LQWHULRU�
,Q�RUGHU� WR�REWDLQ� WKH� UHOLDEOH� UHVXOWV�RI� D� QXPHULFDO� DQDO\VLV�� WKH� UDWH� �� GHSHQGHQW� SODVWLF� �
GDPDJH� FRQVWLWXWLYH�PRGHO� KDV� EHHQ� DSSOLHG�� EDVHG� RQ� FRQVLGHUDWLRQV� SUHVHQWHG� E\�5�)DULD
DQG� ;�2OLYHU� LQ� >�@�� 7KH� GDPDJH� PRGHO� LV� GHILQHG� E\� WZR� LQGHSHQGHQW� LQWHUQDO� GDPDJH
YDULDEOHV��LQ�RUGHU�WR�FKDUDFWHULVH�WKH�QRQ�OLQHDU�PHFKDQLVP�RI�GHJUDGDWLRQ�RI�FRQFUHWH�XQGHU
WHQVLOH�RU�FRPSUHVVLYH�ORDGLQJ�FRQGLWLRQV�
)RU� WKH� UHLQIRUFHPHQW�� WKH� FODVVLF� YRQ� 0LVHV� HODVWR�SODVWLF� IRUPXODWLRQ� IRU� VWHHO� KDV� EHHQ
DGRSWHG��ZLWK�UDWH�GHSHQGHQW�DVVXPSWLRQ�DFFRUGLQJ�&RZSHU�6\PRQGV�>�@�
7KH�DVVXPHG�PDWHULDO�PRGHO�KDV�EHHQ�LPSOHPHQWHG�LQWR�WKH�FRPSXWHU�FRGH�$EDTXV�([SOLFLW
9HU������>�@��DV� WKH�XVHU�VXEURXWLQH��'HWDLOHG�GHVFULSWLRQ�RI� WKH�QXPHULFDO� UHDOLVDWLRQ�RI� WKLV
DOJRULWKP� DQG� WKH� DGHTXDWH� IORZFKDUW� LV� JLYHQ� E\� DXWKRUV� LQ� >�@�� 7KH� UHPDUNV� DQG� YDULRXV
FRQVLGHUDWLRQV�DERXW�SUREOHPV�RI�D�SUDFWLFDO�DSSOLFDWLRQ�RI�WKH�PDWHULDO�PRGHO�FRQVLGHUHG�KHUH
DUH�DOVR�SURYLGHG�WKHUH�

� 0DWHULDO�PRGHO�IRU�FRQFUHWH

,Q� WKH� SUHVHQW� ZRUN�� DQ� HODVWR�SODVWLF� PRGHO� ZLWK� GDPDJH� >�@� KDV� EHHQ� VHOHFWHG�� ZLWK� WZR
LQGHSHQGHQW� LQWHUQDO� GDPDJH� YDULDEOHV�� LQ� RUGHU� WR� FKDUDFWHULVH� WKH� LQGHSHQGHQW� QRQOLQHDU
PHFKDQLVPV� RI� GHJUDGDWLRQ� RI� FRQFUHWH�� XQGHU� WHQVLRQ� RU� FRPSUHVVLRQ�� 7KLV� SURYLGHV
D� FRQVWLWXWLYH� IRUPXODWLRQ� ZLWK� FDSDELOLW\� RI� GHVFULELQJ� WKH� RYHUDOO� QRQOLQHDU� VWUHVV�VWUDLQ
FXUYHV��LQFOXGLQJ�WKH�VWUDLQ�VRIWHQLQJ�UHVSRQVH��DQG�WKH�VWLIIQHVV�GHJUDGDWLRQ�PHFKDQLVP�
*HQHUDOO\��WKH�PRGHO�DGRSWHG�KHUH��KDV�LWV�EDVLV�LQ�WKH�FRQWLQXXP�GDPDJH�PHFKDQLFV��ILUVWO\
LQWURGXFHG�E\�.DFKDQRY�>�@�
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$Q�H[SUHVVLRQ�IRU�WKH�HIIHFWLYH�VWUHVV�WHQVRU�KDV�DVVXPHG�WKH�IROORZLQJ�IRUP�
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ZKHUH�'�� LV� WKH� IRXUWK� RUGHU� OLQHDU�HODVWLF� FRQVWLWXWLYH�PDWUL[�� e� LV� WKH� VHFRQG� RUGHU� VWUDLQ
WHQVRU��eS�LV�WKH�SODVWLF�VWUDLQ�WHQVRU�
7KH�IROORZLQJ�IRUP�RI�+HOPKROW]�IUHH�HQHUJ\�SRWHQWLDO�KDV�EHHQ�DGRSWHG�
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7KH�HODVWLF�IUHH�HQHUJLHV�DUH�GHILQHG�DV�IROORZV�
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G G+ -� �DUH�WKH�GDPDJH�YDULDEOHV��DVVLJQHG�UHODWLYHO\�WR�FRPSUHVVLRQ�DQG�WHQVLRQ��7KHLU�YDOXHV
DUH�RI�WKH�UDQJH�����!�
,Q�RUGHU�WR�FKDUDFWHULVH�WKH�GDPDJH�D�FRQFHSW�RI�HIIHFWLYH�FRPSUHVVLYH�DQG�WHQVLOH�VWUHVV�KDV
EHHQ�LQWURGXFHG��,Q�WKH�SUHVHQW�ZRUN�WKH\�ZLOO�DVVXPH�WKH�IROORZLQJ�IRUPV�
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- -� �DUH�WKH�RFWDKHGUDO�QRUPDO�VWUHVV�DQG�WKH�RFWDKHGUDO

VKHDU�VWUHVV��FDOFXODWHG�IURP�s - �
2Q� WKH� EDVLV� RI� FDOFXODWHG� HIIHFWLYH� HTXLYDOHQW� VWUHVVHV�� WZR� GDPDJH� FULWHULD� KDV� EHHQ
LQWURGXFHG��DFFRUGLQJ�WR�-�6LPR�DQG�-��-X�>�@�
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ZKHUH� WKH� HQWLWLHV� U�� DQG� U�� DUH� FXUUHQW� GDPDJH� WKUHVKROGV�� DQG� FRQWURO� WKH� VL]H� RI� GDPDJH
VXUIDFHV�
7KH�UDWHV�RI�WHQVLOH�DQG�FRPSUHVVLYH�YDULDEOH�DUH�GHILQHG�DV�IROORZV�

& &
� � &

& &
� � &

G U
* U

U
*

G U
* U

U
*

+ +

+ +

+

+

- -

- -

-

-

= = Ë

= = Ë

�
�

�
�

�

�

���

*���*�� DUH� WKH�DSSURSULDWH�PRQRWRQLFDOO\� LQFUHDVLQJ� IXQFWLRQV�� LQ�RUGHU� WR�REWDLQ� WKH�YDOXHV
RI�GDPDJH�YDULDEOHV�LQ�WKH�UDQJH�RI�����!�
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6LPLODUO\� WR� WKH� GDPDJH� YDULDEOHV�� WKH� UDWH� RI� SODVWLF� VWUDLQ� WHQVRU� KDV� EHHQ� LQWURGXFHG
LQ�WKH�IRUP�RI�
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ZKHUH� (� LV� D�<RXQJ�PRGXOXV��b� LV� WKH� SDUDPHWHU� WKDW� FRQWUROV� WKH� UDWH� LQWHQVLW\� RI� SODVWLF
GHIRUPDWLRQ��+� LV� WKH�+HDYLVLGH� IXQFWLRQ�RI� FRPSUHVVLYH� GDPDJH� UDWH�� LQWURGXFHG� WR� FDQFHO
SODVWLF�HYROXWLRQ�GXULQJ�XQORDGLQJ�
$IWHU� WKH� VSOLWWLQJ� RI� WKH� HIIHFWLYH� VWUHVV� WHQVRU� s � LQWR� DGHTXDWH� WHQVLRQ� DQG� FRPSUHVVLRQ
FRQWULEXWLRQV�s s+ -� ���WKH�&DXFK\�VWUHVV�WHQVRU�FDQ�EH�GHILQHG�
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7KH�GHWDLOHG�GHVFULSWLRQ�RI�WKH�DVVXPHG�DOJRULWKP��WRJHWKHU�ZLWK�QHFHVVDU\�UHPDUNV
FRQFHUQLQJ�LWV�QXPHULFDO�DSSOLFDWLRQ�FDQ�EH�IRXQG�LQ�>��@�

� 'HVFULSWLRQ�RI�H[SHULPHQW

7KH�H[SHULPHQW�ZDV�GHVFULEHG�E\�'��.UDXV�DW�DO��LQ�>�@��7KH�WHVW�VSHFLPHQ�FRQVLVWV�RI�D�VODE
ZLWK�WKH�GLPHQVLRQV�����[�����[�����P��UHLQIRUFHG�ZLWK����PP�EDUV�LQ�D�GLVWDQFH�RI�����PP�
ORFDOLVHG� QHDU� XSSHU� DQG� ERWWRP� VLGH� RI� WKH� VODE�� &RQFUHWH� FRPSUHVVLYH� VWUHQJWK� �%���
IFN� ����01�P���5HLQIRUFHPHQW�LV�RI�VWHHO�%6W����������ZLWK�VWUHQJWK�IFV ����01�P��
([SORVLYH�PDVVHV�RI�����DQG�����NJ�3(71�ZLWK�D�GHQVLW\�RI�����J�FP��ZHUH�XVHG��7KH�FKDUJH
ZDV�IRUPHG�DV�D�FXEH��SRVLWLRQHG�DW� WKH�FHQWUH�RI� WKH�VODE��7ZR�GLIIHUHQW�FDVHV�RI�H[SORVLRQ
ZHUH�H[DPLQHG��ZLWKRXW�DQ\�FRQILQHPHQW�DQG�FRQILQHG��WKH�H[SORVLYH�FKDUJH�ZDV�FRYHUHG�E\
VDQG�EDJV��

$V�WKH�UHVXOWV�RI�WKH�H[SHULPHQW��WKH�GLPHQVLRQV�RI�FUDWHUV�IRUPHG�GXULQJ�WKH�H[SORVLRQV�KDYH
EHHQ�SUHVHQWHG��7KH� HQWLUH� H[SHULPHQW�ZDV� DOVR�QXPHULFDOO\� VLPXODWHG�E\� LWV� DXWKRUV�� XVLQJ
WKH�$XWRG\Q�>�@�FRPSXWHU�FRGH��,Q�WKLV�FRGH�� WKH�FRXSOHG�(XOHU�/DJUDQJH�IRUPXODWLRQ�EDVHG
RQ� WKH� ILQLWH� GLIIHUHQFH� PHWKRG� LV� DGRSWHG�� %HFDXVH� RI� WKLV�� LW� LV� SRVVLEOH� WR� GLVFUHWLVH
WKH� HQWLUH� SK\VLFDO� V\VWHP�� DLU�FKDUJH�VWUXFWXUH�� ,Q� RUGHU� WR� PRGHO� WKH� QRQOLQHDU� EHKDYLRXU
RI�FRQFUHWH��WKH�'UXFNHU�3UDJHU�HODVWR�SODVWLF�PRGHO�KDV�EHHQ�DVVXPHG�

� 1XPHULFDO�VLPXODWLRQ�RI�WKH�H[SHULPHQW

,Q�RUGHU� WR�DQDO\VH� WKH�SUDFWLFDO�SUREOHP�GHVFULEHG�DERYH�� WKH�GLVFUHWH� ILQLWH�HOHPHQW�PRGHO
ZDV�EXLOW� LQ�HQYLURQPHQW�RI�$EDTXV�([SOLFLW� FRPSXWHU� FRGH��%HFDXVH�RI� D� V\PPHWU\�RI� WKH
SUREOHP��RQH� IRXUWK�RI� WKH� VWUXFWXUH�KDV�EHHQ� DQDO\VHG��ZLWK� DGHTXDWH�ERXQGDU\� FRQGLWLRQV�
7KUHH�GLPHQVLRQDO�EULFN�HOHPHQWV�ZLWK�RQH�SRLQW�RI�*DXVV�LQWHJUDWLRQ�ZHUH�DSSOLHG�����[����[
��� HOHPHQWV�� 7KLV� JXDUDQWHHV� WKH� UHJXODU� VKDSH� RI� ILQLWH� HOHPHQWV�� 5HLQIRUFHPHQW� ZDV
PRGHOOHG�DV�WKH�UHEDU�OD\HUV�LQWURGXFHG�LQWR�DGHTXDWH�VHWV�RI�EULFN�HOHPHQWV�
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/RDG�SURGXFHG�E\� WKH�H[SORVLRQ�ZDV�VLPXODWHG�DV�D� ILHOG�RI�SUHVVXUH��YDULDEOH� LQ� VSDFH�DQG
WLPH�� DFFRUGLQJ� WR� HTXDWLRQV� JLYHQ� E\� -�� +HQU\FK� >�@�� ,Q� WKLV� GHVFULSWLRQ�� WKH� YDOXH
RI�PD[LPXP� LQFLGHQW� SUHVVXUHV�DSf� � DW� WKH� GLVWDQFH�5� >P@� IURP� WKH� FHQWUH� RI� 717� FKDUJH
:�>NJ@�GHSHQGV�RQ�WKH�SDUDPHWHU�
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DFFRUGLQJ�WR�WKH�IROORZLQJ�HTXDWLRQV�

[ ]

[ ]

[ ]

D

D

D

S
5 5 5 5

NS FP 5

S
5 5 5

NS FP 5

S
5 5 5

NS FP 5

f

f

f

= + - + Ê Ê

= - + Ê Ê

= + + Ê Ê

�� ���� ����� � ���� � �����
� �� � �

����� � ���� �����
� � �

� ��� � �� ����
� ��

� � �

�

� �

�

� �

�

� � � �
� � � � �

� � �
� � � �

� � �
� � �

����

,Q� RUGHU� WR� PRGHO� WKH� FRQWDFW� H[SORVLRQ� �L�H�� FRQILQHG� IURP� RQH� VLGH��� DQG� WR� VLPXODWH
WKH�SUHVHQFH�RI� WKH�3(71�FKDUJH� �GLIIHUHQW� IURP�717��� WKH� DGHTXDWH� FRUUHFWLRQ� SDUDPHWHUV
KDYH�EHHQ�DSSOLHG��DFFRUGLQJ�WR�FRQVLGHUDWLRQV�JLYHQ�LQ��>�@�

$GGLWLRQDOO\��WKH�GXUDWLRQ�RI�RYHUSUHVVXUH�DFFRUGLQJ�WR�+HQU\FK�LV�JLYHQ�E\�D�VLPSOH�IRUPXOD�

W : 5 5 5 5
RYS
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7KH�HQWLUH�VHW�RI�IXQFWLRQV�HQDEOHV�WKH�XVHU�WR�GHVFULEH�WKH�FKDQJH�RI�RYHUSUHVVXUH�ZLWK�WLPH
�IRU�WKH�HVWDEOLVKHG�SRLQW�LQ�VSDFH��
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7KLV� VLPSOH� IRUPXODWLRQ� ZDV� DGRSWHG� LQWR� $EDTXV�([SOLFLW� LQ� D� IRUP� RI� XVHU� VXEURXWLQH�
FDOFXODWLQJ�WKH�YDOXHV�RI�DQ�RYHUSUHVVXUH�DFFRUGLQJ�WR�HTXDWLRQV�����������

� 'LVFXVVLRQ�RI�UHVXOWV

)URP�WKH�SUDFWLFDO�SRLQW�RI�YLHZ��WKH�PRVW� LQWHUHVWLQJ�SUREOHP�LV� WKH�ILQDO�VWDWH�RI�VWUXFWXUH�
L�H��LWV�SHUPDQHQW�GHIRUPDWLRQ��H[WHQW�RI�GDPDJHG�]RQHV��DQG�DPRXQW�RI�HQHUJ\��GLVVLSDWHG�RQ
SODVWLF�GHIRUPDWLRQV��7KLV� LQIRUPDWLRQ�JLYHV� WKH�XVHU� D� SRVVLELOLW\� WR� HYDOXDWH� WKH� VWUXFWXUDO
VWUHQJWK��QHFHVVLW\�RI�HYHQWXDO�UHSDLUV��RU�OLPLWV�LQ�H[SORLWDWLRQ�RI�WKH�VWUXFWXUH�

,Q�RUGHU�WR�FRPSDUH�QXPHULFDO�UHVXOWV�ZLWK�H[SHULPHQWDO�RXWFRPH��RQO\�WKH�FDVH�RI���NJ�3(71
FKDUJH�KDV�EHHQ�DQDO\VHG�KHUH��7KH�QXPHULFDO�DQDO\VLV�ZDV�SHUIRUPHG�IRU�WKH�DVVXPHG�SHULRG
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RI� WLPH� ��� PV�� 7KLV� DVVXUHV� WKH� WHUPLQDWLRQ� RI� DOO� SODVWLF� DQG� GDPDJH� HIIHFWV�� DQG� JLYHV
WKH�XVHU�D�ILQDO�VHW�RI�UHVXOWV�

,Q�)LJ����WKH�ILQDO�FRQWRXU�SORW�RI�YHUWLFDO�GLVSODFHPHQWV��GLUHFWLRQ����LV�SUHVHQWHG��7KH�PD[L�
PXP�GLVSODFHPHQW� LV� ORFDOLVHG� MXVW� XQGHU� WKH� FHQWUH� RI� H[SORVLRQ�� DQG� YDU\�ZLWK� WKLFNQHVV�
$OO� WKH�YDOXHV�RI�GLVSODFHPHQWV�DUH� UHODWLYHO\�VPDOO��EHFDXVH� WKH� VWLIIQHVV�RI� WKH� VWUXFWXUH� LV
YHU\�KLJK��DQG�WKH�GDPDJH�HIIHFWV�SUHYDLO�

$�FRQWRXU�SORW�RI�SODVWLF�HTXLYDOHQW�VWUDLQ�LV�GLVSOD\HG�LQ�)LJ����7KH�PD[LPXP�HIIHFWV�LQ�WHUPV
RI� SODVWLF� GHIRUPDWLRQ� DUH� ORFDOLVHG� XQGHU� WKH� FHQWUH� RI� WKH� VODE�� RQ� LWV� XSSHU� DQG� ERWWRP
VXUIDFH�� ,W� FRLQFLGHV� ZLWK� WKH� PD[LPXP� GDPDJHV�� GHSLFWHG� LQ� )LJ�� ��� ,Q� WKLV� ILJXUH�� WKH
GDPDJHG�HOHPHQWV�DUH�UHPRYHG�IURP�WKH�PHVK��7KH�FRPSDULVRQ�ZLWK�H[SHULPHQWDO�UHVXOWV�>�@�
L�H�� GLPHQVLRQV� RI� FUDWHUV�� JLYHV� D� JRRG� DSSUR[LPDWLRQ� RI� ILQDO� JHRPHWU\� RI� WKH� VODE�
$QRWKHU�]RQH�RI�GDPDJHV�LV�ORFDOLVHG�DW�WKH�HQG�RI�WKH�VODE��QHDU�VXSSRUWV��7KH�UHODWLYHO\�KLJK�
EXW� OLPLWHG� LQ� VSDFH�� YDOXHV�RI� HTXLYDOHQW� SODVWLF� VWUDLQV� DUH� GXH� WR� VXSSRUWV� UHDFWLRQ� WR� WKH
EODVW�ORDG�

7KH�IXQFWLRQV�RI�HQHUJLHV�YHUVXV� WLPH�DUH�JLYHQ� LQ�)LJ�����$V�RQH�FDQ� ILQG��DOO� WKH�GLVVLSDWH
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Fig.1. Vertical displacement

Fig.2. Plastic equivalent strain
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Fig.3. Final configuration of slab

Fig.4. Energies versus time
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